Abstract. Let AT be a cyclic number field with generating polynomial
1. Introduction. Let hm denote the class number of the cyclotomic field Q(Çm), and A*, the class number of its maximal real subfield Q(cos(27r/w)). It is a well-known conjecture of Vandiver that p 1 hp holds for all primes p e P. This is a customary assumption for proving the second case of Fermat's Last Theorem (for more details see Washington [16] ). Since hp grows slowly (hp = 1 for p < 163 with the use of the Generalized Riemann Hypothesis (GRH), van der Linden [10] ), for no p with hp > 1 the exact value of hp is known without using GRH. Masley suggested that perhaps hp < p always holds, but a counterexample was found in [3] , [12] . The class number of each real subfield of Q(f ) divides hp, and in this way one can find primes with hp > 1. Using the quadratic subfield, Ankeny, Chowla and Hasse [1] showed that hp > 1 if p belongs to certain quadratic sequences in N, and S.-D. Lang [9] and Takeuchi [15] found more such sequences. Similar results were obtained for h4p by Yokoi [17] . Using the cubic subfield of Q(f ), which has been thoroughly investigated (e.g., [2] , [5] , [8] ), the theorem of the present paper yields the following results:
If a is an odd integer, a > 23, andp = {a2 + 27)/4, a prime, then hp > 1.
Ifb is an odd integer, b > 1, andp = (1 + 27A2)/4, aprime, then hp > 1.
A conjecture about primes in quadratic sequences (Hardy and Wright [7, 1.2.8]) implies that there exist infinitely many primes p of each of these two forms, because one can write a2+ 27 /--*\2 + 3 ^z-+9
and I±™!_3(^lJL12 + ^±zl i 2. Class Number Bounds and Main Results. Let K be a cyclic cubic number field with conductor m and class number A. It is well known that m is the product of distinct primes, which are congruent to 1 mod (6), and of 9, if 3 ramifies in K. The class number A is congruent to 1 mod (3), if m is a prime or m = 9, and A is divisible by 3 otherwise. Set f(s) = L(s, x) ■ L(s, x) for s£C, where x and x are the non trivial cubic Dirichlet characters modulo (m) belonging to K. Since the discriminant of K equals m2, the analytic class number formula yields
where R is the regulator of K. Moser [11] showed that for prime conductors, A < m/3 holds, so cubic fields will never lead to a contradiction to Vandiver's conjecture. Our aim is to establish a lower bound for the class number of a special family of cubic fields and to list all fields of some special types with prime conductor and small class number. From a result of Stark [14] one can deduce /(l) > c/\ogm, where c is effectively computable, but this bound is not suited for our purposes.
From the results of the next section we will obtain:
If K is a cyclic cubic number field with conductor m > 105, then
The harder problem is to find an upper bound for the regulator, which is only achieved for the following family of cyclic cubic fields. The polynomial (3) fa(X) = X3-^X2-^X-l, AENodd, is irreducible over Q, has discriminant D(fa) = ((a2 + 27)/4)2, and if e is a zero of fa, the other zeros are e' = -l/(e + 1) and e" = -(e + l)/e. Therefore, fa is a generating polynomial of a cyclic cubic field K with conductor m, and we The class numbers of Table 1 were calculated with a " Sirius 1 Personal Computer", using the analytic class number formula (1). We also used that for fields of type B the roots of fa are already fundamental units, and therefore R = R' can be calculated with the explicit formula for e, given in the proof of Lemma 1. In the following way it can be proved that e is a fundamental unit:
Let AT be a field of type B with generating polynomial fa, a = 21b and m = (1 + 27¿>2)/4. Hasse [8] Combining these results, we obtain for every s G C{\i,p):
\L(s, x) \ < 1 + / "";r ^ + \s\\m ■ logm 1 -
Since logx/ v^x is monotone decreasing for x > e2, we conclude that for m > m0 > Let C = C(jii, p), with ju -1 < p < ¡ti, be the disk with center ¡i and radius p, and denote its boundary by dC. Using (6), we get for all s G 3C: For 0 < a < 1, the integral representation of f(s), and f(a) = \L(a, x)|2, show that k(°) < 0. So for any a with a0 < a < 1, and any y G R + with 1 < v, we have
From this inequality, we obtain
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where E fy-ÎM ~~ a)y > c3 > 1. Using (7), and an > 1 for n a cube, we obtain the following estimations for c3: 
